Any commutative primitive ring is a field. Consequently any primitive ideal in a commutative ring is maximal. On the other hand, in a noncommutative ring there may exist primitive ideals that are not maximal.
1. In a recent paper we have called a ring 2 primitive if W contains a maximal right ideal a whose quotient 3: W = 0.1 In general if 3 is any right ideal 3: 21 is the totality of elements b such that xb e a for all x in W.
3: 21 is a two-sided deal and if W has an identity, 3: 21 is the largest twosided ideal of 21 contained in 3. The primitive rings appear to play the same r6le in the general structure theory of rings that is played by simple rings in the classical theory of rings that satisfy the descending chain condition for one-sided ideals. Corresponding to the Wedderburn-Artin structure theorem on simple rings satisfying the descending chain condition we A simple ring is either primitive or a radical ring. In particular any simple ring with an identity is primitive. These remarks imply that a maximal two-sided ideal Q3 such that f -e is not a radical ring is primitive. If g is a ring with an identity, any maximal two-sided ideal in S is primitive.
In this note we shall define a topology for the set of primitive ideals of any ring. The space determined in this way appears to be an important invariant of the ring. We hope to discuss its r6le in the general structure theory in greater detail at a later date. 5. If S' is a completely regular bicompact space and 25 is the ring of realvalued (complex valued) continuous functions on S' then it has been shown by Gelfand and Silov that the structure space S of e5 is homeomorphic to S'.7 If S' is a bicompact totally disconnected space and Si is the ring of continuous functions on S' having values in the field of residues mod 2, then by a result of Stone's the structure space of e is homeomorphic to S'.8 We conclude this note by giving another example of this type based on an arbitrary totally disconnected bicompact space S' and an arbitrary division ring SU.
We consider any decomposition of S' into a finite number of components (non-overlapping open and closed sets) S'i and we choose corresponding elements k1 e-'. We define a function f(x) by setting f(x1) = k1 for xi in S's. A function of this type will be called a finite decomposition function. The totality S of these functions is a ring under the ordinary operations of addition and multiplication. i contains the subring S of constant functions, isomorphic to S' and S is commutative if and only if ,' is commutative. The constant 1 acts as an identity in 25. Since S' is totally disconnected, for any two points a d b in S' there is an f(x) e S such that f(a) 0 f(b). Let 2 be any subring of (S having this property and containing R. We shall sketch a proof of the fact that the space M of maximal two-sided ideals of 21 is homeomorphic to S'. LEMMA 2. If F' is a closed subset of S' and a is a point i F' then there exists afunction .p(x) e 2X such that p(y) = Ofor all y e F' but (epa) $ 0.
Our assumptions imply that for each y e F' there is an fy e a such that fV(Y) = 0 butf,,(a) $ 0. The set Z'(fv) of zeros of fy is open and the totality of these sets covers F'. Let Z'(fy,), ..., Z'(fy) be a finite subset of these sets covering F'. Then so(x) = fvl(x) ... f,im(x) has the required properties.
If a e S' we let Q3a denote the totality of functions g(x) e 2t such that g(a) = 0. It is easy to see that 3a is a maximal two-sided ideal in 2t and that S--)3a " SR. Our conditions imply that if a $ b then e3a # -23b-LEMMA 3. If Z8 is a two-sided ideal $ W., then there exists a point a such that g(a) = Ofor all g e 3.
Let Z'(f) be the set of zeros of f. Z'(f) is closed. If the lemma is false, the intersection 11Z'(f) for all f e e3 is vacuous. Hence there is a finite, number of functions fi, ..., fr in e such that 1IZ'(f1) = w. Hence if a is any point of S' at least one of the functions fi does not vanish at a. Let ki) ... ., knii be the non-zero values taken on by ft and form the function It(x) = (fj(x) -kit) (fi(x) -k2i) ... (fi(x) -knfi) and ,V(x) = ,6 (x) ,2(x). . . 1r(x). Then 0t(x) = 0. The form of Vt'(x) shows that 0 = ,6(x) = k + g(x) where .k $ 0 and g(x) e .3. Hence e3 contains a constant function $ 0 and e3 = 2a contrary to asumption.
This lemma shows that e9 < 9a for some a. If e is maximal e = t3a. Thus the correspondence a --> 23a iS (1 -1) between S' and the space M of maximal two-sided ideals in 2t.
Let F' be a closed subset of S' and let F be the corresponding set in M. The intersection SF = IN3 for all a e F' is the set of functions f such that f(a) = 0 for all a e F. Let 5.3b be a maximal two-sided ideal containing Zps.
If b e F' there is a function 4 such that +(a) = 0 for all a in F' but +(b) $ 0. Then 4)e ZF but e 53 contrary to 5b > SF. Hence b e F' and 5% e F. Thus F is closed. Conversely let F be any closed set in M and let F' be the corresponding set in S'. It is easy to see that F' is the set of points y such thatf(y) = 0 for allf in Zps. Thus F' is the intersection of closed sets and is therefore closed. Hence the correspondence a -d 53a is a homeomorphism. THEOREM 3. Let S' be a totally disconnected bicompact space, ' a division ring and 21 a ring of g'-valued decomposition functions such that (1) 1. The Problem.-The famous theorem of Ptolemy on stereographic projection states that the perspectivity of a sphere from a point of the sphere upon a plane perpendicular to the diameter of the sphere determined by the given point is conformal. The question naturally arises as to the existence of any other surfaces for which there exists a perspectivity upon a plane which is conformal. We prove that there does not exist any other surface with this property (except for the obvious case of a parallel plane).
Our result may be stated as follows:
THEOREM. If a perspectivity of a surfacefrom afixed point to a fixed plane is conformal, then the surface must be a sphere; furthermore, the sphere must pass through the fixed point and have its center on the perpendicular from the fixed point to thefixed plane.
Thus the only perspective conformalities upon a plane are Ptolemy's stereographic projection of the sphere (or the limiting case of the plane). 2. Beginning of the Proof of the Theorem.-Let (x, y, z) denote cartesian
